Abstract. In a previous paper, Journal of Topology 3 (2010), 691-712, we introduced a notion of ''genericity'' for countable sets of curves in the curve complex of a surface S, based on the Lebesgue measure on the space of projective measured laminations in S. With this definition we prove that for each fixed g f 2 the set of irreducible genus g Heegaard splittings of high distance is generic, in the set of all irreducible Heegaard splittings. Our definition of ''genericity'' is di¤erent and more intrinsic than the one given via random walks.
1. Introduction 1.1. The main result. In this paper we use the definition of a generic subset of a countable set, introduced in [8] , Definition 4.1 (see also Section 1.2 below), to investigate whether for each fixed genus g f 2 the set of high distance Heegaard splittings is generic in the set of all irreducible Heegaard splittings. For this purpose, we consider irreducible Heegaard diagrams composed of two complete decomposing systems D, E on a closed surface S, i.e. two curve systems which both decompose S into pair-of-pants. We define the set SNOWðSÞ of such pairs ðD; EÞ, by requiring the pairs to have the additional property that they do not have waves (see Definition 2.1) with respect to each other. A pair of such curve systems, which determine a Heegaard splitting that is of distance greater or equal to some n A N, will be said to belong to SNOW n ðSÞ H SNOWðSÞ. For precise definitions see Sections 2 and 3 below. Our main result is: Theorem 6.5. Let S be a closed surface of genus g f 2. Then for any integer n f 1 the set SNOW nÀ1 ðSÞ is generic in the set SNOWðSÞ.
The fact that a Heegaard splitting is high distance has important consequences for the geometry of the 3-manifold determined by it. Hence the question, raised in the title of this sets Y that are not embedded but are just mapped to X , by a properly chosen ''natural'' map. Furthermore, note that this definition does not depend on the actual measure m but rather only on its measure class.
The following is an immediate consequence of the above definition: We will specify precisely in the next subsection the sets X , Y , A and the measure m that are used in this paper.
Measures and objects.
The Borel measure space X , as in the last subsection, that is used in this paper is the space PMLðSÞ Â PMLðSÞ, where PMLðSÞ is the space of projective measured laminations on a ''model surface'' S of genus g f 2. As shown by Thurston, the space PMLðSÞ is a ð6g À 7Þ-dimensional sphere, equipped with a canonical p.l.-structure, and thus with a canonical Lebesgue measure class.
The countable subset Y H X , required by this definition of the term ''generic'' in the statement of Theorem 6.5, is a set of pairs ðD; EÞ A PMLðSÞ 2 , called SNOWðSÞ, where D and E are curve systems on S that satisfy a certain combinatorial condition, see Definition 2.3. However, in order to focus on the objects of our primary interest, namely Heegaard splittings, we have to be more careful, in order to avoid a potential double-counting problem as evoked in the previous subsection:
A marked Heegaard surface of genus g is a surface S g of genus g embedded in a 3-manifold M, with handlebody complementary components V and W , which is equipped with a marking homeomorphism y : S ! S g . Two such marked Heegaard surfaces, with markings y and y 0 , are equal if there exists a homeomorphism h : M ! M, which is isotopic to the identity, such that y 0 ¼ h y. Let S g denote the set of marked Heegaard surfaces of genus g f 2 in any irreducible 3-manifold M, and let S g n be the subset of those Heegaard surfaces of distance fn. Here the distance of a marked Heegaard surface S g is measured in the curve complex of the model surface S: More precisely, one measures the distance between the two handlebody sets DðV Þ and DðW Þ that are given by the y À1 -images of all meridian curves in S g , for each of the two complementary handlebodies V and W respectively. Now choose a map s S : S g ! SNOWðSÞ, ðS g ; yÞ 7 ! ðD; EÞ, where yðDÞ and yðEÞ are systems of meridian curves on V and W respectively. There are infinitely many such maps, and none seems to be preferred in any obvious way. In Section 7 we prove for any such map s S : Corollary 1.3. For any integers g f 2 and n f 0 the set s S ðS g n Þ is generic in the set s S ðS g Þ.
Preliminaries
Most of the definitions we recall here are standard. We use the terminology of our previous papers [7] and [8] , where also some more details can be found. Definitions 2.3 (b) and 2.6 are new.
Throughout this paper S will denote a closed orientable surface of genus g f 2. We will frequently consider essential simple closed curves D i (or E j ) on S, and we will not distinguish notationally between curves and isotopy classes of them.
A curve D is called tight with respect to a system E ¼ fE 1 ; . . . ; E r g of pairwise disjoint essential simple closed curves E i in S if the number of intersection points with E can not be strictly decreased by an isotopy of D. The same terminology is used for arcs a which have their endpoints on E, where the endpoints cannot leave E throughout the isotopy.
Definition 2.1. Let P H S be a pair-of-pants, i.e. a sphere with three open disks removed.
(a) A simple arc in P which has its two endpoints on di¤erent components of qP will be called a seam.
(b) A simple arc in P which has both endpoints on the same component of qP, and is not q-parallel, will be called a wave.
(c) An essential simple closed curve D H S has a wave (or a seam) with respect to a system of curves E H S if D is tight with respect to E and if D contains a subarc that is a wave (or a seam) in a complementary component P i of E in S which is a pair-of-pants. Definition 2.2. For any closed surface S as above we define the curve complex CðSÞ as follows: A closed m-simplex is the isotopy class of a set fD 0 ; . . . ; D m g of mutually disjoint non-parallel essential simple closed curves on S. On the 1-skeleton C 1 ðSÞ of CðSÞ there is a well defined metric d C given by assigning length 1 to every edge (¼ a 1-simplex).
The complex CðSÞ is of finite dimension 3g À 4 and is not locally finite. It is known (see [12] ) to be hyperbolic in the sense introduced by Gromov, and it admits a natural action, by isometries, of the mapping class group of S. Definition 2.3. (a) The set D ¼ fD 0 ; . . . ; D 3gÀ4 g of (isotopy classes of) curves in S defined by a maximal dimensional simplex in CðSÞ is called a complete decomposing system of S. All of its complementary components are pairs-of-pants. The set of complete decomposing systems of S (up to isotopy) is denoted by CDSðSÞ. There is a canonical identification between CDSðSÞ and the set of maximal dimensional simplices of CðSÞ. bound disks in V D . Conversely, given a handlebody V with an identification qV ¼ S, then the set DðV Þ of curves in C 0 ðSÞ which bound disks in V (called meridian curves on qV ) is called the handlebody set determined by V . Such a set DðV Þ is the vertex set of a subcomplex of CðSÞ which is connected (see [13] ).
The following is well known and easy to prove: Remark 2.4. Let D A CDSðSÞ be a complete decomposing system, with associated handlebody V D as above. Then any meridian curve D A DðV D Þ is either contained in D, or else D has a wave with respect to D.
Any two maximal dimensional simplexes s; t H CðSÞ determine a Heegaard splitting M ¼ V W S W for some 3-manifold M. Here V and W are the handlebodies determined by the two complete decomposing systems that are given by s and t respectively. Given a Heegaard splitting M ¼ V W S W of some 3-manifold M, Hempel (see [4] ) defines the distance of the Heegaard splitting as follows:
Note that a handlebody set has infinite diameter in CðSÞ. Hence, for randomly chosen D A DðV Þ, E A DðW Þ, the distance d C ðD; EÞ may be arbitrary large. However, combinatorial conditions for choosing curves D, E which realize dðV ; W Þ are given in [7] .
A crucial ingredient in the arguments of this paper is Lemma 1.3 of Hempel [4] which implies the following: Lemma 2.5. Any irreducible Heegaard splitting M ¼ V W S W admits a pair of complete decomposing systems D A DðV Þ, E A DðW Þ which satisfy the condition SNOW. Definition 2.6. A pair ðD; EÞ A CDSðSÞ is said to have property SNOW n , if ðD; EÞ is an element of SNOWðSÞ and if in addition the handlebodies V and W , determined by D and E respectively, satisfy dðV ; W Þ f n. The set of all such pairs ðD; EÞ is denoted by SNOW n ðSÞ.
Train tracks and laminations
3.1. Basics. In this subsection we recall some basic definitions and notations. For a more detailed exposition see [7] and [8] 3.1.1. (a) A train track t in S is a closed subsurface with a singular I -fibration: The interior of t is fibered by open arcs, and the fibration extends to a fibration of the closed surface t by properly embedded closed arcs (the I -fibers), except for finitely many singular points (also called cusp points) on qt, where precisely two fibers meet. We call these fibers singular fibers. We admit the case that a fiber is doubly singular, i.e. both of its endpoints are singular points.
(b) Two singular fibers are adjacent if they share a singular point as a common endpoint. A maximal connected union of singular or doubly singular I -fibers is called an exceptional fiber. It is either homeomorphic to a closed interval, or to a simple closed curve on S. In the latter case it will be called a cyclic exceptional fiber. We explicitly admit this second case, although in the classical train track literature this case is sometimes suppressed.
(c) Following Thurston, one usually pictures a singular point P A qt in such a way that any two arcs from qt, which intersect in P, converge towards P from the ''same direction'', thus giving rise to a cusp point on the boundary of the corresponding complementary component of t in S.
(d) We define the type of a complementary component D of t in S as given by the genus of D, the number of boundary components of D, and the number of cusp points on each of its boundary components. If D is simply connected, we speak of an n-gon if there are precisely n cusp points on qD. For example, if qD contains precisely three cusp points, we say that D is a triangle. An arc of qD which joins two adjacent cusp points is called a side of D.
If D is simply connected, one usually requires D to have at least 3 cusp points on qD.
(e) A train track t in S is called filling, if all complementary components of t in S are simply connected, and if each of them has at least 3 cusp points on its boundary. The train track t is called maximal, if every complementary component is a triangle.
(a)
A lamination L in S is a non-empty closed subset S which is the union of (possibly non-closed) simple curves, called leaves, that are geodesic with respect to some hyperbolic structure on S. A lamination L provided with a transverse measure m is called a measured lamination, and its projective class is denoted by ½L; m. The space PMLðSÞ of all projective measured laminations ½L; m on S, where L is the support of m, is known to be homeomorphic to a ð6g À 7Þ-dimensional sphere, often referred to as the ''Thurston boundary of Teichmü ller space''.
(b) It is well known that PMLðSÞ contains a dense subset of uniquely ergodic laminations: In this case ½L; m is uniquely determined by L. Hence, in this case we can write L A PMLðSÞ. In particular, every essential simple closed curve D H S by itself is a uniquely ergodic lamination, so that one has a canonical embedding C 0 ðSÞ H PMLðSÞ.
A complete decomposing system D on S is a lamination that is not uniquely ergodic, so that it defines a finite dimensional simplex in PMLðSÞ. By associating to D the barycenter of this simplex (i.e. the curves of D all carry the same weight) we obtain a well defined embedding CDSðSÞ H PMLðSÞ. (This terminology refers to the partial order on the set of laminations given by the inclusion.) A lamination which satisfies both of these conditions is called minimal-maximal. Such laminations are totally arational, i.e. they do not contain any closed curve as leaf.
Again, the set of uniquely ergodic minimal-maximal laminations is well known to be dense in PMLðSÞ. Indeed, it is also of full measure, see [10] .
3.1.3. (a) An arc, a closed curve or a lamination in S is carried by a train track t H S if it is contained in t and throughout transverse to the I -fibers of t. A curve can be carried by t if after a suitable isotopy it is carried by t. The set of projective measured laminations ½L; m which have as support a lamination L carried by t is denoted by PMLðtÞ.
(b) Two simple arcs carried by t are parallel if they intersect the same I -fibers, and these intersections occur on the two arcs in precisely the same order. An arc, a closed curve or a lamination on S which is carried by t is said to cover t if it meets every I -fiber of t.
(c) A train track t 0 is carried by a train track t if every I -fiber of t 0 is a subarc of an I -fiber of t. Note that every curve (or arc or lamination) carried by t 0 is also carried by t.
(d) Given a train track t and a lamination L carried by it, the notion of a ''derived'' train t 1 with respect to L is formally defined in [8] , Section 2.3. In slightly informal terms, t 1 is the train track obtained from t by splitting t at every cusp point along an unzipping path, which is a path disjoint from L that covers t. If L is maximal-minimal, such a train track always exists and is uniquely determined by t and L. The train track t 1 obtained by splitting along shortest possible such paths is said to be derived from t with respect to L, or simply derived from t.
Notice that L is always carried by t 1 , and that t 1 is carried by t. More generally, every sequence of unzipping paths leads to a new train track that is carried by the original one.
(e) If t 0 is derived from t, then every curve (or lamination) that is carried by t 0 covers t, by [7] , Lemma 2.9. The proof of this lemma shows that the same is true for any arc which runs parallel on t 0 to at least one entire side of one of the connected components complementary to t 0 , or parallel to one of the unzipping paths used to derive t 0 from t.
Definition 3.1. Let t H S be a train track, and let L be a lamination carried by t. We say that L is n-gregarious with respect to t if t can be derived n times with respect to L, i.e. there exists an n-tower of derived train tracks
The following result is due to Masur-Minsky [12] , quoted in the form below from an earlier paper of ours:
, Proposition 2.12). Let t 0 I t 1 I Á Á Á I t n be an n-tower of derived train tracks in S. Assume that t 0 (and hence of any of the t i ) is maximal. Let D be a simple closed curve carried by t n . Then any essential simple closed curve D 0 which satisfies
is carried by t 0 . (1) For any curve E k A E the intersection E k X t is a disjoint union of (possibly exceptional) I -fibers of t.
(2) For every connected component D j complementary to t the intersection segments with any E k A E are arcs with endpoints on two distinct sides of D j .
(3) Each of the three cusps of any complementary component D j is contained in some of the E k .
(b) A maximal train track t H S is called tight if it is tight with respect to some complete decomposing system E A CDSðSÞ.
The condition (3) of Definition 3.3 (a) is equivalent to stating that every singular I -fiber of t lies on some of the curves E i A E. We also would like to point out that the notion of a tight train track is a fairly general one: for example, a train track which is tight with respect to E may well carry a wave with respect to E.
Proposition 3.4 ([8], Proposition 2.11)
. Let E be a complete decomposing system of S, and let t be a maximal train track that is tight with respect to E. Let c be a simple closed curve (or a finite collection of such) on S that is tight with respect to E and contains a subarc b which covers t. Then c can be carried by t.
Complete decomposing systems D carried by train tracks have been investigated in [7] . In particular, for any maximal train track t, a pair-of-pants P which is complementary to such a system D can have two special features, called ''eye-glasses shape'' and ''Y-graph shape''. That is: P always contains precisely two of the triangles that are complementary components of t, say D 1 and D 2 . More precisely, P is the regular neighborhood of the union of D 1 and D 2 , and of three arcs g 1 , g 2 , g 3 that are carried by t and have the cusps of D 1 and D 2 as endpoints. We say that P has Y-graph shape if every g k , for k ¼ 1; 2; 3, connects a cusp of D 1 to a cusp of D 2 . On the other hand, P has eye-glasses shape if only one of the g k connects a cusp of D 1 to a cusp of D 2 , while each of the other two g h joins two cusps from the same D i (see Figure 1 ). Remark 3.5. (a) If P is Y-graph shaped, then any wave b in P can be carried by t. Furthermore b has to run parallel on t to at least one entire side of each of the two connected components D i complementary to t which are contained in P. This is an easy consequence of the above definitions.
(b) It is a direct consequence of the definitions that P is Y-shaped if and only if each of the three (up to ambient isotopy) seams of P can be realized by an arc on some of the transverse fibers of t. Indeed, any arc in P which has both endpoints on D and intersects precisely once any of the above arcs g k (but not the others) is a seam.
Conversely, P has eye-glasses shape if and only if only one seam and two waves can be realized by an arc on some of the transverse fibers of t. Any subarc I 0 of a transverse fiber which has both endpoints on D is a seam if and only if I 0 intersects precisely once the arc g k with endpoints on distinct D i 's and none of the other two g h . The arc I 0 is a wave if and only if it intersects precisely once one of the g h , but not the other one, and also not g k .
Lemma 3.6. Let t H S be a maximal train track, and let D be a complete decomposing system in S which covers t. Then every pair-of-pants P complementary to D in S has either (1) Y-graph shape, or (2) eye-glasses shape.
Proof. We use the system D to cut t into several connected components: More precisely, for each pair-of-pants P complementary to D in S we obtain precisely one connected component t P . The intersections of the transverse I -fibers of t with P induce on t P a structure of a train track. It follows from elementary Euler characteristic considerations that P contains precisely two of the complementary components of t in S.
Consider any transverse fiber I of t P . A boundary point of I lies either on the boundary of t, or on the boundary of P, i.e. on one of the curves of D. If both boundary points of I lie on the boundary of t, then I is actually a transverse fiber of t and not just of t P . Hence this case is ruled out by the hypothesis that D covers t, as ''covers'' means that each transverse fiber is met at least once by D.
We now consider two singular transverse fibers I and I 0 of t P each of which have one boundary point on a common cusp point (i.e. a zipper) of qt P . From the last paragraph it follows that the other two boundary points (say q A qI and q 0 A qI 0 ) must lie on D. Now, if I 0 is any transverse fiber of t P obtained by isotopying I W I 0 o¤ the cusp point, it follows immediately that either I 0 is a wave (if and only if both q and q 0 lie on the same curve of D), or else I 0 is a seam (if and only if q and q 0 lie on distinct curves of D). The rest of the proof is an immediate consequence of the discussion given in Remark 3.5 (b). r Lemma 3.7. Let t H S be a maximal tight train track, and let t 0 H t be a train track derived from t. Let D be a complete decomposing system in S which is carried by t 0 , with the property that every pair-of-pants complementary to D has Y-graph shape. Let D H S be an essential simple closed curve which is tight with respect to D, and assume that some arc b from the set of arcs D À D is a wave with respect to D. Then D can be carried by t.
Proof. By assumption t is tight with respect to some system E A CDSðSÞ. We can then isotope the curve D so that it is tight with respect to E, while keeping it tight with respect to D. This can be done, for example, by making every curve geodesic with respect to some hyperbolic structure on S.
Let P be the pair-of-pants complementary to D that contains the wave b. By assumption P has Y-graph shape, so that by Remark 3.5 (a) the wave b is carried by t 0 , and b has to run parallel on t 0 to at least one entire side of one of the two connected components complementary to t 0 which are contained in P. Thus, by Section 3.1.3 (e), b covers t. Hence we can apply Proposition 3.4 to conclude that D is carried by t. r Remark 3.8. The statements and proofs of Lemmas 3.6 and 3.7 above rectify those of [7] , Lemmas 4.4 and 4.6. To be precise, there was a hypothesis missing in both of those lemmas. As a consequence, in the inequality of [7] , Theorem 4.7, the lower bound n has to be replaced by n À 1. Compare also the more general Proposition 4.4 below.
Corollary 3.9. Let t be a maximal tight train track. For some integer n f 1, consider a complete decomposing system D A CDSðtÞ which is n-gregarious with respect to t, with the property that every complementary component has Y-graph shape. Then every meridian curve D A DðV D Þ for the handlebody V D determined by D is ðn À 1Þ-gregarious with respect to t. More specifically, if D is carried by t n , for some n-tower of derived train tracks t ¼ t 0 I Á Á Á I t nÀ1 I t n , then D is carried by t nÀ1 .
Proof. Any curve D which bounds an essential disk in V D must either belong to D, or else contain a wave with respect to D (see Remark 2.4). Hence Lemma 3.7 shows that the curve D is ðn À 1Þ-gregarious on t. r
Transverse train tracks
We will now consider simultaneously two train tracks t 1 and t 2 on S, and for simplicity we assume that both are maximal. In order to work with them, they have to be placed in a ''tight position'' with respect to each other. To control this, we observe that after a suitable isotopy we may assume that the closure of every complementary component of t 1 W t 2 is an m-gon, with vertices that are either cusp points on qt 1 or qt 2 , or they are corners, i.e. points that belong to the intersection qt 1 X qt 2 . Hence the sides of these m-gons are arcs from qt 1 or from qt 2 that do not contain any cusp point in their interior. Definition 4.1. Two maximal train tracks t 1 ; t 2 H S will be called transverse if the following conditions hold:
(1) Each connected component of t 1 X t 2 , with the two inherited I -fiberings, is homeomorphic to the standard square with horizontal and vertical interval fibers.
In particular, every intersection arc of qt i with t j , for fi; jg ¼ f1; 2g, is a fiber in the I -fibering of t j . Furthermore the intersection t 1 X t 2 does not contain any of the cusp points on either qt 1 or qt 2 .
(2) Every complementary component of t 1 W t 2 in S is an m-gon (as defined above), with m f 3.
Proposition 4.2. Let t 1 ; t 2 H S be maximal transverse train tracks on S. If L 1 , L 2 are laminations covering t 1 and t 2 respectively, then L 1 and L 2 intersect minimally.
Proof. If the minimal intersection number is not realized by L 1 and L 2 then there are leaves l 1 A L 1 and l 2 A L 2 which have a pair of intersection points that can be canceled out by an isotopy. Hence there is a complementary region of l 1 W l 2 in S that is a bigon. Either this bigon is innermost among all such bigons, or we can find an innermost one by passing to other leaves l
It follows that the segments of l 0 1 and l 0 2 which form the bigon are outermost (on the side of the bigon) on the branches of the train tracks t 1 and t 2 respectively, which carry these segments. Since by assumption each L i covers t i , it follows that the bigon meets t 1 W t 2 only in a collar around its boundary. Hence, the remainder of the bigon is a complementary component of t 1 W t 2 which inherits the bigon shape. This contradicts condition (2) of Definition 4.1 and thus our assumption that the train tracks are transverse. r Since two maximal train tracks on S can never be disjoint, one obtains directly from the above proposition: Corollary 4.3. Let t 1 ; t 2 H S be maximal transverse train tracks, and suppose that L is a lamination that can be carried by both t 1 and t 2 . Then L can not cover both train tracks. Proposition 4.4. Let t and t 0 be maximal transverse tight train tracks, and let n f 1 be any integer. Let D A CDSðtÞ be n-gregarious with respect to t, and let E A CDSðt 0 Þ be 2-gregarious with respect to t 0 . Furthermore assume that all of the complementary components of D and E in S have Y-graph shape, with respect to t and t 0 respectively. Then the handlebodies V D and W E determined by D and E respectively satisfy
Proof. We apply Corollary 3.9 to obtain that any meridian curve D for V D is ðn À 1Þ-gregarious on t. Similarly, any meridian curve E for W E is 1-gregarious on t 0 .
Thus, by Section 3.1.3 (e), the curve E covers t 0 . But t 0 is transverse to t, so that by Corollary 4.3 the curve E can not cover t. Hence, again by Section 3.1.3 (e), E is not carried by any train track t 1 derived from t. Thus we can now apply Proposition 3.2 to conclude that dðD; EÞ f n À 1. This shows that dðV D ; W E Þ f n À 1, as claimed. r for some transverse maximal tight train tracks t and t 0 .
Proof. (a) The set of uniquely ergodic minimal-maximal laminations is dense in PMLðSÞ (see Section 3.1.2 (c)), so that U contains such a lamination L. We choose, at random, a hyperbolic structure on S, and isotope the lamination L into geodesic position. Let E be any complete decomposing system of S, also assumed to be in geodesic position.
Consider a complementary component D of L, which by the minimal-maximal condition on L is an ideal hyperbolic triangle embedded into S. The (geodesic) curves of E cut through D, always entering and exiting D through two distinct (geodesic) boundary sides. Notice that in the direction of each of the cusps of D there are infinitely many intersection segments of E X D, since E is a complete decomposing system and since no infinite half-leaf of L can stay within any of the complementary pairs-of-pants, as L is minimalmaximal.
For any e > 0 we can consider the subsurface D e H D which is given by all points of distance f e from the boundary qD. The subsurfaces D e are triangles with almost geodesic boundary edges (for small values of e), and by a proper variation of e we can force a cusp point of its boundary to lie on one of the intersection arcs of E X D. We do this for each of the three cusp points individually, and vary e accordingly in a continuous fashion along the triangle sides, to obtain a pseudo-geodesic hyperbolic triangle D 0 which has all three cusp points on E.
Once the pseudo-hyperbolic triangles D Now, if all of the parameters e > 0 in the above construction have been chosen small enough, the resulting train track t carries only laminations L 0 which, when isotoped into geodesic position, intersect E in points that are very close to intersection points of E X L, and the intersection angles of E with L 0 will be very close to the corresponding angles with L. Hence L 0 is very close to L in PMLðSÞ. This shows that for su‰ciently small e the set PMLðtÞ will be contained in U.
(b) By the denseness of the uniquely ergodic minimal-maximal laminations (see Section 3.1.2 (c)) we can find a pair ðL; L 0 Þ of such laminations inÛ U which in addition satisfies L 3 L 0 . Hence, if we perform the same procedure as in part (a) with respect to the same hyperbolic structure on S, for both laminations, for su‰ciently small e-parameters the resulting train tracks t, t 0 will be tight and maximal as before, and
In addition, up to making e even smaller, the train tracks t and t 0 will be transverse with respect to each other. r
The referee pointed out to us that part (a) of Lemma 4.5 can alternatively be proved using standard facts about the north-south dynamics of pseudo-Anosov automorphisms and the density of their limit points on PMLðSÞ.
Density of SNOW
The set of such calm complete decomposing systems carried by t will be denoted by CCDSðtÞ. If non of the D j meets I 0 , then I 0 is a wave on t 0 , contradicting the assumption that t 0 has Y-complements. If there is one of the D j that meets I 0 , then (since D i is a triangle, by the assumption that t 0 is maximal) we can isotope I 0 o¤ D j into the direction of the single cusp on qD j , until it reaches the position of a fiber I 00 which does not meet any of the D j . But the curves of D which contain the boundary points of the fiber I 0 have not changed during the isotopy, so that I 00 is a wave on t 0 . This contradicts again the assumption that t 0 has Y-complements.
Hence it follows that none of the transverse I -fibers of t contains an arc I 0 with boundary points on D which is a wave: D is calm with respect to t. r Remark 5.3. The purpose of this remark is to clarify the relationship between the properties ''is calm'' and ''has Y-complements'' for a complete decomposing system D carried by some maximal train track t. This relationship is actually somewhat more intricate than suggested by Lemma 5.2.
The following facts (not formally needed in the sequel) can be derived by methods similar to the one used above in the proof of this lemma: We will show below that, using an appropriate lamination L carried by t, one can find such paths g i; j by exhibiting finite subsegments l i; j of some leaf l of L. This subsegment l i; j has endpoints R; S on the same (singular) I -fibers I 1 and I 2 of t as the two cusps c i and c 0 j . One then moves the ends of l i; j by an I -fiber preserving isotopy so that it reaches a position l Ã i; j with endpoints on c i and c 0 j . The problem, of course, is that the isotopy can only be performed if l i; j is properly chosen: this means that the interior of l i; j does not intersect either of the subsegments ½R; c i H I 1 or ½S; c 0 j H I 2 , i.e. the subsegments on the two singular I -fibers which are bounded by the cusps and the endpoints of l i; j . The following procedure avoids this problem:
(1) By the denseness of the set of uniquely ergodic minimal-maximal laminations (see Since in minimal-maximal laminations every leaf is dense, any non-boundary leaf l of L will contain a finite segment l 0 which starts with a subsegment that runs parallel to d and ends in a subsegment that runs parallel to d 0 (see Figure 2) . By possibly passing to a smaller subsegment we can assume that l 0 is a minimal such finite segment of l, i.e., it contains no proper subsegment with the same property. It follows that the subsegment l 1; 1 of l 0 , obtained from l 0 by cutting o¤ the initial and the terminal subarcs parallel to d and to d 0 respectively, connects the singular fiber of a cusp of D 1 (say c 1 ) to the singular fiber of a cusp of D . We now proceed in the same manner as in part (1), to get a non-boundary leaf l of L which contains a (minimal) subarc l 0 which starts with a subsegment parallel to d and ends in a subsegment parallel to d 0 . By cutting o¤ the two subsegments we obtain a subarc l 2; 2 of l, and a corresponding parallel arc l There is, however, a potential problem1), namely the fact that the remaining two cusps, c 3 and c As before we split t 0 open along g 2; 2 to obtain a train track t 00 , and again we are looking for a simple arc on some leaf of a lamination L that is uniquely ergodic minimalmaximal and which fills t 00 , in order to connect c 3 to c 0 3 . At this point, however, the problem of finding a properly chosen segment l 1) We would like to thank Saul Schleimer for pointing out this potential problem, which we had missed in a previous version.
Since L is minimal-maximal and fills t 00 , we can find a non-boundary leaf l in L which contains a finite segment d 1 that runs parallel to d. We now consider an arc on l which starts at an endpoint of d 1 . Since every leaf of L is dense in L, any su‰ciently long such arc contains a segment d 2 of l that is parallel to d and d 1 and lies between them. As before, we assume that the arc l is minimal, i.e. it doesn't contain a proper subarc which has the same properties as used above to define l.
If d 1 and d 2 are traversed in the same direction when traveling along l, then the segment on l between d 1 and d 2 is the desired properly chosen arc l 3; 3 (see Figure 3 ).
If not, consider an arc on l with the same initial point but which runs in the opposite direction. As above, if the arc is su‰ciently long, it will contain a subarc d 3 that runs between d and d 2 (where, as before, we assume that d 3 is the first occurrence of such a subarc when traveling along l). Again, if l traverses d 1 and d 3 in the same direction, the subpath between d 1 and d 3 is the desired properly chosen subsegment l 3; 3 (note that d 2 is not part of this subpath!). If the directions are opposite, then the subpath of l which connects d 2 to d 3 is the desired properly chosen segment l 3; 3 . As before, set g 3; 3 ¼ l We proceed iteratively until none of the D i , D 0 i are left: In this process, we obtain more and more complementary components of the resulting train tracks t i which are pairs-ofpants, and less and less triangles D j , D 0 j . It is possible that in this process the train track decomposes into more than one connected component, so that we are perhaps forced to reorganize the pairing of the triangles. However, by an elementary Euler characteristic argument, if the boundary curve of some pair-of-pants separates the surface S, then on each side there must be an even number of triangles, so that we can continue the iteration procedure with t i being a connected component of the train track obtained after the ði À 1Þ-th iteration step.
After the last step of our iteration none of the triangles is left over, so that the union of all connected components of the train track doesn't have any cusps in its boundary: It is hence a disjoint union of fibered annuli A i .
Every connected component in the complement of these annuli is a pair-of-pants which by construction has Y-shape with respect to the I -fibering of the original train track t. We can now contract each of the annuli A i by an I-fiber-preserving isotopy until the two boundary curves coincide. The resulting curve system D is precisely the desired complete decomposing system: It is carried by t, and each complementary pair-of-pants has Y-graph shape. r Corollary 5.5. For every maximal train track t H S the set CCDSðtÞ of calm complete decomposing systems carried by t is dense in PMLðtÞ.
Proof. By Lemma 4.5 (a) for every open set U in PMLðtÞ there is a maximal train track t 0 such that U contains PMLðt 0 Þ. Since the set of uniquely ergodic minimal-maximal laminations is dense in PMLðSÞ (see Section 3.1.2 (c)), there is such a lamination L in PMLðtÞ H U. Since L is maximal, it covers t 0 . Hence we can split t 0 following the leaves of L, until the I -fibers of t 0 are small enough so that they can be isotoped simultaneously onto I -fibers of t, thus showing that t 0 is carried by t. Now we apply Proposition 5.4 to obtain a complete decomposing system D which has Y-complements with respect to t 0 . It follows from Proposition 5.2 that D is calm with respect to t. r Lemma 5.6. Let t and t 0 be maximal transverse train tracks on S, and let D and D 0 be complete decomposing systems carried by t and t 0 respectively. Let t 1 and t 0 1 be the 1-derived train tracks with respect to D and D 0 . We have:
(1) If D and D 0 are calm with respect to t and t 0 respectively, then they are SNOW. Either o is contained in one of the ''doubly-fibered'' crossings of the two train tracks, thus giving rise (see Figure 5 ) to a wave with respect to D 0 on some of the transverse I -fibers of t 0 , in contradiction to the assumption that D 0 is calm.
The other possibility is that the wave o (up to small initial and terminal segments that belong to t 0 ) is contained in one of the complementary components D of t 0 , so that o connects two of the curves of D 0 that are outermost on t 0 . But since all of the complementary components of t 0 are triangles, D is divided by o into a part that contains two cusps, and another part that contains a single cusp (see Figure 6 ). Isotope this wave (so that its endpoints move on D 0 ) in the direction of the ''single-cusp'', until it slides over that cusp, so that it will reach a position parallel to a segment of one of the transverse I -fibers of t 0 . Thus it will define a wave on such an I -fiber, giving the same contradiction as in the first case.
(2) Assume by way of contradiction that, say, D is not calm with respect to t. This means that there is a transverse I -fiber of t which contains a wave o with respect to D. That is, o is an arc with both end points on the same leaf l A D. Since D is carried by the derived train track t 1 , the two endpoints of o are contained in two subarcs of l which run parallel (on t) to each other along a path a that covers t, see Section 3.1.3 (e).
Hence o can be isotoped in t along the path a, and during this isotopy its endpoints never ''split'' across a cusp point of t.
As t and t 0 are transverse, the isotopy along a will eventually take o into some ''doubly-fibered'' intersection rectangle of t X t 0 , where o becomes an arc which is parallel to a fiber of t. But that means that there is some arc on a leaf of D 0 which is parallel to o and hence D 0 will contain a wave with respect to D, so that D and D 0 are not SNOW. r Proof. Every lamination on S is carried by some maximal train track t i H S, so that PMLðSÞ is the union over a suitable (countable) family of subspaces PMLðt i ÞH PMLðSÞ. In each PMLðt i Þ the set CCDSðt i Þ is dense, by Corollary 5.5.
Hence the set CCDSðt i Þ Â CCDSðt j Þ is dense in PMLðt i Þ Â PMLðt j Þ, for all pairs of indices i, j, and the union of them is equal to PMLðSÞ 2 . By Lemma 5.6 (1) any pair of complete decomposing systems ðD; D 0 Þ A CCDSðt i Þ Â CCDSðt j Þ is SNOW. Hence the set SNOWðSÞ is dense in PMLðSÞ 2 . r
Open and dense subsets of SNOW(S)
We consider maximal train tracks t and t 0 on S, and we assume that they are transverse. Given two complete decomposing systems D; E A CDSðSÞ. The handlebodies they determine are denoted by V D , W E respectively. Definition 6.1. We denote the subset of PMLðtÞ given by all n-gregarious laminations (see Definition 3.1) by G n ðtÞ, and define G n PðtÞ ¼ G n ðtÞ X PðtÞ. Here PðtÞ denotes the set of all laminations that define positive weight on each I -fiber of the train track t. Proposition 6.2. Let t and t 0 be maximal transverse train tracks, and let n f 1 be an integer. Then one has:
Þ is open and of full measure in PMLðtÞ Â PMLðt 0 Þ.
(c) Every pair ðD; EÞ A G n P CCDS ðt; t 0 Þ satisfies (b) In particular, the above union is of full measure in PMLðSÞ 2 . This follows directly from statement (a) and from the fact that our measure is a Lebesgue measure on the manifold PMLðSÞ 2 .
Remark 6.4. In the proof of the next theorem we need to compare, for any pair of transverse maximal train tracks t and t 0 , the set SNOWðSÞ X À PMLðtÞ Â PMLðt 0 Þ Á with the set CCDSðtÞ Â CCSDðt 0 Þ. From Proposition 5.6 one doesn't quite get equality of the two sets, since in part (2) of this proposition one needs the additional property that the curve systems D and D 0 are carried by once derived train tracks t 1 H t and t
However, if we restrict our attention to those systems that are in addition 1-gregarious, this extra condition is always satisfied, so that Proposition 5.6 proves
Theorem 6.5. For any integer n f 1, the set SNOW nÀ1 ðSÞ is generic in the set SNOWðSÞ.
Proof. This proof is an application of the genericity criterium stated in Lemma 1.2 (1), with the notation used there specified as follows:
(2) Y ¼ SNOWðSÞ. 
by Remark 6.4. Hence we obtain
where the last equation is simply the definition of G n P CCDS ðt; t 0 Þ. We can now apply Proposition 6.2 (c) to obtain that this set is contained in SNOW nÀ1 ðSÞ. Thus Z is disjoint from SNOWðSÞnSNOW nÀ1 ðSÞ.
This finishes the proof of the theorem. r
Generic Heegaard splittings have large distance
In this section we study, for a surface S of a fixed genus g f 2, the set H g , defined as follows: Recall that a handlebody set DðV Þ H CðSÞ is given by some identification S ¼ qV , where V is a handlebody and DðV Þ consists precisely of those curves on S that are identified by S ¼ qV with meridians of V . We define the set H g to consist of all pairs À DðV Þ; DðW Þ Á 
This shows that s
Appendix. The limit set of the handlebody set has measure zero By Vaibhav Gadre at Cambridge, MA A.1. Introduction. For an orientable surface S of genus g, the mapping class group MCGðSÞ is the group of orientation preserving di¤eomorphisms of S modulo isotopy. The Teichmü ller space TðSÞ is the space of marked complex structures on S, and is homeomorphic to an open ball in R 6gÀ6 . Thurston showed that TðSÞ is naturally compactified by PMFðSÞ, the space of projective measured foliations on S. The space PMFðSÞ is homeomorphic to S 6gÀ7 .
In many respects, the action of MCGðSÞ on the compactification TðSÞ is similar to the action of a Kleinian group on
There is a natural Lebesgue measure class l on PMFðSÞ that is ergodic for this action. In a chart given by a complete train track, the natural volume form on the space of normalized weights carried by the track is a measure in this class. For finitely generated Kleinian groups, the Ahlfors measure conjecture, states that the limit set in CP 1 has either zero or full measure; see [1] . It is natural to wonder if a similar property is true for limit sets in PMFðSÞ of subgroups of MCGðSÞ. A handlebody H gives an interesting subgroup of MCGðSÞ called the handlebody group G H . In [6] , Kerckho¤ gave an elegant proof that the limit set LðG H Þ of G H has measure zero. However, it uses an earlier result from [5] which states that almost every splitting sequence of complete train tracks gets uniformly distorted infinitely often. Subsequently, the proof of this earlier result was discovered to be incomplete.
We do not know how to prove uniform distortion for all complete train tracks. However, we show in [3] that uniform distortion does hold for certain expansions of complete train tracks with a single switch. As analogs of interval exchange maps, we call such tracks complete non-classical exchanges. Just as for interval exchange maps, Rauzy induction is well defined for such tracks, and expansions are given by iterated Rauzy induction; see [3] for the details.
In this note, we show that the uniform distortion result from [3] is su‰cient to complete the proof in [6] 
A.1.1. The limit set of the handlebody set. Let H be a handlebody with boundary surface S, an orientable surface of genus g. The handlebody group G H is the subgroup of MCGðSÞ consisting of classes that have a representative that extends over H. The limit set LðG H Þ is the smallest non-empty closed invariant subset for the action of G H on PMFðSÞ. There is a natural Lebesgue measure class l on PMFðSÞ. The main theorem here is:
Theorem A.1. For any handlebody H,
A.2. Masur's description of the limit set. Following the notation in [6] , let B be the set of isotopy classes of essential simple closed curves on S that bound discs in H. A cut system is a collection of simple closed curves C ¼ fC 1 ; . . . ; C g g, C i A B which together with the disks they bound, cut H into a 3-ball. As Masur proved in [11] , a curve g A B if and only if for every cut system C, after g is isotoped to have minimal intersections with C, one of the following conditions is satisfied:
(1) For every C i , the intersection C i X g ¼ j.
(2) For some C i , the curve g has returning arcs to C i , i.e., g intersects C i and then before intersecting any C j (which includes j ¼ i), it returns from the same side it just left to intersect C i again.
Kerckho¤ shows that after passing to LðG H Þ, the above conditions persist, i.e., the foliations in LðG H Þ satisfy either (1) or (2). The set of foliations which satisfy (1) is directly seen to be a measure zero set. So it su‰ces to show that the subset R H of LðG H Þ consisting of foliations that have returning arcs for all cut systems, has measure zero.
A.3. Train tracks. Roughly speaking, a train track on S is complete if all its complementary regions in S are ideal triangles. Technically, the definition requires that the track be recurrent and transverse recurrent, but this will always be the case for the tracks considered here, so we skip the details and refer the reader to [14] . For a train track t, let PðtÞ denote the set of projective measured foliations carried by t. An assignment of nonnegative weights to the branches of t is said to be carried by t if at all switches of t, the sum of weights for incoming branches is equal to the sum of the weights for outgoing branches. The set PðtÞ can be identified with the set of normalized weights carried by t, where the normalization is that the sum of the weights is 1. When t is complete, the set PðtÞ gives a chart on PMFðSÞ. The volume form on the set of normalized weights carried by t defines a measure l t on PðtÞ. The transition maps for these charts are piecewise linear invertible maps, and the derivatives of the transition maps are not bounded. This means that only the Lebesgue measure class l is defined by this process, and care is necessary while considering an infinite sequence of train track charts.
In [6] , Theorem 1, Kerckho¤ proves the following key result for train track charts: Theorem A.2. There is a constant 0 < K < 1 such that for any complete train track t, there is a subset Pðt; HÞ H PðtÞ such that l t À Pðt; HÞ Á l t À PðtÞ Á > K and Pðt; HÞ X R H ¼ j.
In other words, for any complete train track t, a definite proportion of PðtÞ is disjoint from R H , where the proportion is calculated in the measure l t . As a particular case, the above theorem holds for complete non-classical exchanges.
The proof in [6] then proceeds as follows: Cover PMFðSÞ by a finite collection of train track charts. It su‰ces to prove that R H has measure zero in each of these charts. For any complete train track t in this collection, Theorem A.2 states that a definite proportion of it is disjoint from R H . Then, t is split enough number of times such that the complement is a union of stages in splitting expansions. Applying Theorem A.2 to each of these stages yields a definite proportion of each of them disjoint from R H . However, this proportion is being measured separately in each of the stages and not using the measure l t .
To take care of this issue, Kerckho¤ uses the uniform distortion result from [5] (whose proof is incomplete). The uniform distortion result implies that up to leaving out a set of l t -measure zero, the complement can be split into a (possibly infinite) union of uniformly distorted stages. If a stage is uniformly distorted, the proportion that is calculated in its measure, changes by a universally bounded amount when calculated using l t . Continuing to split what remains into uniformly distorted stages and iterating Theorem A.2 proves that R H has measure zero in the initial chart PðtÞ.
In the next section, we will state and explain the uniform distortion theorem from [3] and use that instead in this final part of Kerckho¤ 's argument.
A.4. Uniform distortion and proof of Theorem A.1.
A.4.1. Complete non-classical exchanges. Complete train tracks t with a single switch are called complete non-classical exchanges. Because of the single switch condition, these are analogs of interval exchange maps. Just as with interval exchange maps, Rauzy induction can be defined for non-classical exchanges. Iterated Rauzy induction associates an expansion to a measured foliation in PðtÞ. As expected, almost every measured foliation in PðtÞ has an infinite expansion.
Similar to interval exchange maps, a finite Rauzy sequence giving t 0 from t is encoded by an integer matrix Q with non-negative entries and determinant 1. This gives a projective linear map TQ from the space Pðt 0 Þ of normalized weights carried by t 0 to the space PðtÞ of normalized widths associated to t. A finite Rauzy sequence is C-uniformly distorted if the Jacobian of its projective linear map JðTQÞ satisfies 1 C < JðTQÞðxÞ JðTQÞðyÞ < C for all points x; y A Pðt 0 Þ. In [3] , we prove the following theorem:
Theorem A.3 (Uniform distortion). There is a universal constant C > 1 that depends only on the genus g, such that for almost every projective measured foliation in PðtÞ, its Rauzy expansion gets C-uniformly distorted infinitely often.
C-uniformly distorted stages are important because up to a universal constant, relative probabilities remain unchanged. To be precise, there is a universal constant 0 < c < 1 depending only on the genus g, such that for any C-uniformly distorted stage with exchange s and associated projective linear map TQ : PðsÞ ! PðtÞ, and for any measurable subset A H PðsÞ, we have Cover PMFðSÞ by a finite collection of complete non-classical exchanges. Let t be an exchange in this collection. By Theorem A.2, there is a subset Pðt; HÞ H PðtÞ that is disjoint from R H and with proportion at least K. Consider the complement PðtÞnPðt; HÞ. By Theorem A.3, up to leaving out a set of l t -measure zero, the complement PðtÞnPðt; HÞ can be covered by C-uniformly distorted stages. Typically, there is an infinite number of these stages and we index these as t a . By applying Theorem A.2 to each t a , we find subsets Pðt a ; HÞ H Pðt a Þ disjoint from R H and with proportion at least K in each Pðt a Þ, where the proportion is being calculated in the measure l t a . However, because t a is C-uniformly distorted, estimate ( ** ) implies that the proportion in the measure l t is at least cK. Then we split the complements Pðt a ÞnPðt a ; HÞ into C-uniformly distorted stages, and repeat the argument to find proportion cK of these disjoint from R H , and so on. This completes the proof of Theorem A.1.
